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Thin Hamiltonian Cycles on Archimedean Graphs 
JOHN R. REAY AND D. G. ROGERS 
Archimedean graphs are finite subgraphs ofan Archimedean tiling. If such a graph as a thin 
Hamiltonian cycle, then various area functions of the cycle are shown to be graph invariants, 
depending on the graph itself, but not on the particular thin Hamiltonian cycle. 
An Archimedean graph in R 2 is any finite subgraph of the vertices and edges of one 
of the 11 Archimedean tilings of R E shown in Figures 1-3. Archimedean filings are 
commonly characterized (as in Figures 1-3) by the order in which regular polygons 
(with unit edges) occur around each vertex of the tiling; see Grtinbaum and Shephard 
[3]. We use the same description for Archimedean subgraphs. When the Archimedean 
graph is a m × n rectangle from the 44 tiling, Fisher, Collins and Krompart [2] have 
noted that the area enclosed by a Hamiltonian cycle is a constant which depends on m 
and n, but not on the choice of the cycle. (This observation arose in enumerating 
Hamiltonian cycles on such m × n rectangles; see [5, 6] for related discussion and 
references.) We extend this to a more general class of Hamiltonian cycles on all 
Archimedean graphs. We say that a Hamiltonian cycle on an Archimedean graph is 
thin if the interior of the cycle contains no vertex of the underlying Archimedean tiling. 
An Archimedean graph (as in Figure 4) might contain no Hamiltonian cycle, or no thin 
Hamiltonian cycle (as in Figure 5), or a thin Hamiltonian cycle and one that is not thin 
(as in Figure 6). 
The following corollary of Pick's theorem shows that the area enclosed by any thin 
Hamilton cycle of a Archimedean graph of type 44 is a graph invariant (compare with 
[2]). 
THEOREM 1. I f  an Archimedean graph G of  type 44 with v vertices has a thin 
Hamiltoniah cycle, then every thin Hamiltonian cycle for G encloses an area made up of  
(v - 2)/2 unit squares. 
PROOF. Since all edges are assumed to be of unit length, the vertices of G form an 
integer lattice. Pick's theorem asserts that the area enclosed by any simple polygon P 
with vertices from this 44-tiling is 
a=b/2+i -1 ,  
where P has b vertices on its boundary and i in its interior (see [4]). For the special case 
in which P is a thin Hamiltonian cycle on G, i = 0 and b = v. [] 
If parallel diagonals are added to each square of the 44 Archimedean tiling, then an 
affine transformation produces the 36 Archimedean tiling. So again it follows from 
Pick's theorem that the area enclosed by any 36-polygon is A = X/3 (b/2 + i - 1)/2 if 
edges are of unit length (so that each triangle has area V3/4). Thus, in the special case 
in which P is a thin Hamiltonian cycle for a 36 Archimedean graph, the cycle contains 
v -2  triangles from the original Archimedean tiling. 
For an Archimedean graph of type 63 (from the tiling of R 2 by regular hexagons of 
unit edge and area 3V~/2) Pick's theorem does not apply and the situation is more 
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FIGURE 1. Archimedean planar tilings with congruent regular polygons. 
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FIGURE 2. Archimedean tilings using two different regular polygons. 
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FIGURE 3. Archimedean tilings using three different regular polygons. 
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FXGURE 4. No cycle exists. 
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FXGURE 5. The only cycle is not thin. 
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complicated. Ding and Reay [1] show that the area of a simple polygon P with 
vertices and edges from this 63-tiling is given by A(P) = X/-3(3b + 6i - 6)/8. If P is a thin 
Hamiltonian cycle, this analog of Pick's theorem (with i = 0 and b -- v) implies that the 
cycle contains (v - 2)/4 hexagons. Thus we have the following: 
THEOREM 2. If an Archimedean graph G of type 36 (or of type 6 3, respectively) with 
v vertices has a thin Hamiltonian cycle, then every thin Hamiltonian cycle for G encloses 
v -  2 triangles (respectively (v -  2)/4 hexagons) from the underlying Archimedean 
tiling. 
We next consider those Archimedean graphs coming from tilings that use two or 
more different regular polygons. It is easy to find an Archimedean graph, for each type 
shown in Figure 2 or Figure 3, which has two distinct thin Hamiltonian cycles enclosing 
different areas. Ding and Reay [1] introduced a boundary characteristic and an 
adjacency characteristic e for a simple polygon P with edges and vertices in one of these 
Archimedean graphs, and determined the number of each type of regular polygons 
from the tiling which are contained in P in terms of the parameters c, e and the Pick 
number n = b + 2 i -2 .  Note that n = v -2  if P is a thin Hamiltonian cycle. These 
results from [1] are summarized in Table 1 for the special case in which P is a thin 
Hamiltonian cycle on an Archimedean graph with v vertices, and the table also gives 
the relationship (in terms of v alone) which results from the elimination of the auxiliary 
parameters c and e. The results may be summarized as follows: 
THEOREM 3. If an Archimedean graph G with v vertices has a thin Hamiltonian 
cycle, then for every thin Hamiltonian cycle C of G, 
12 
v-2= ~'~ (k--2)fk, 
k=3 
where fk is the number of regular k-gons from the underlying Archimedean tiling 
contained in C. 
• • 0- -0  0 - -0 - -0  • • 
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• • 0 - - 0 ~ 0  0 - -0  • • 
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FIGURE 6. Two types of Hamilton cycles on the same 44-graph: (a) a cycle which is not thin; (b) a thin cycle 
on the same graph. 
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TABLE 1 
Type  T i le  Number  o f  t i les in P Re la t ionsh ip  
3"~.4 z or  T r iang le  t = [v - c + 8] /2  t + 2s = o - 2 
32.4.3.4 Square  s = [v + c - 12] /4 
34.6 T r iang le  t = [2v - c + 6] /3  t + 4h = v - 2 
Hexagon h = [v + c - 12] /12 
3.6.3.6 T r iang le  t = [v - c + 6] /3  t + 4h = v - 2 
hexagon h = [20 + c - 12] /12 
3.12.12 Tr iang le  t = [3v - 5c + 24] /18  t + 10d = v - 2 
12-Gon d = [30 - 12]/36 
4.8.4.8 Square  s = [v - 3c + 16]/8 s + 3g = (v - 2 ) /2  
Octagon  g = [v + c - 8 ] /8  
3.4.6.4 T r iang le  t = [4v + 2e - 7c + 48] /24  t + 2s + 4h = v - 2 
Square  s = [40 - 2e - c ] /16  
Hexagon h = [40 + 2e + 5c - 48] /48  
4.6.12 Square  s = [30" - 2e - 5c + 24] /24  s + 2h + 5d = (o - 2 ) /2  
Hexagon h = [30 + 4e - 5c + 24] /36  
12-Gon d = [3v - 2e + 7c - 48] /72  
NOTES. (1) Theorems 1 and 2 are special cases of Theorem 3. 
(2) Every time a thin Hamiltonian cycle of a 33.42-Archimedean graph is modified 
to contain one more square, it is necessary to exclude two triangles. (There are many 
similar results.) 
(3) The formulas in Table 1 for tilings of the type 3.4.6.4 are derived from the 
following corrected version of Table II in [1]: 
TABLE I I  [11 (cor rec ted  vers ion)  
Type  T i le  Number  o f  t i les in P Induct ion  fo rmulae  
3.4.6.4 T r iang le  t = (4n + 2e - 7c + 56) /24  n = 4h + 2s + t 
Square  s = (4n - 2e - c + 8) /16  c = 4h - 2t + 8 
Hexagon h = (4n + 2e + 5c - 40) /48  e = 6h - 4s + 3t 
(4) The following sketch of an alternate proof of Theorem 3 illuminates the 
relationship developed in Table 1: 
(a) Notice that every thin Hamiltonian cycle in an Archimedean graph admits a 
shelling of the regular polygons that it contains: that is, there is an ordering of these 
polygons, P~, P2 . . . . .  Pk, SO that the union of the first j of them is a simply connected 
region, for all j = 1 . . . . .  k, and (..J~ Pj is the interior of the cycle. 
(b) Notice that if the Hamiltonian cycle is thin, then the shelling may be chosen so that 
each new polygon Pj has only one edge in common to the previously chosen polygons. 
(c) Thus if Pj has d vertices, its addition contributes d - 2 vertices to the Hamiltonian 
cycle. The only exception is Pl, which contributes all of its vertices. 
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